Root Data
$4 Dsbaition owd  First CGhsecvations

Def 1.1 A oot dostum s a M"u\_’k& ({7“*' CX]R)XVJ RV)
Where

« Xi XV free  abelian s of Pinlk rkk endowed
with &fww pesring < 0 Xx XY —12Z
(toery <, ideakiBes esdh of X, XV with the duald

of the othes)

- ReX , RV e XV [Bade subseds, in l:‘?feu“‘ion via. o mayp

R—RY, o=V
subiek  fo (he @Qﬂsw\\-g onds Hons -
For xR Aflan endomocphism
St X— X, S s XY —= XY,
Skl = Xx= OamdI Sei(y) = y = &y eV

e demend for ol ~<eR

(RO  <=¥d =2,
(RD2) Sx(R) = R and  SY(RY) = RY,

Obs. 1.2 (RDY) ivn(»bcs Se = idly ond  Sy(x) = — =
Lc ~eR. In Paw—é\o«)ew) Se € Aut(X)  and S acks on R

Lé’ f@‘n\/ﬂ&%eu"%aﬂ

prool.  SL(326) = Su6d = <Se(d) XYd e -

——r
= = IXGD K = Xy XYY 4+ XY L, XYY = X
=2

—
Sx({“\ = <X~ <D<)O<V>D< T T L



Obs 153 To  enery coat dotm @ = (X, R, XY, RY)
‘é‘heme. iy ’oés O(Aka\Q roo+ o{ad‘wrn LPV‘:-(XV;QV,X)R\,

Excomples 4.4 (1) Endowr X=X'= 2" with  the stomderd
j
poiring ownd  deftne
R=R"= | e;~e;e 2| t+j{,
where  e.e 2’ denotes the standosd basis veertors.

(i) /%Q.m consihber  X=XVY= 2", N define
R={%2e;, tere |14 [,
R'=1 e, texe; l i*qi(



S2 We”% Gr‘oug,’p

RL 21 Defne the w?ﬂ growp & be
W= WP = <SelweRY < Ad(X).

Lemma 2.2 The wey( grovf W s Gnide.
‘orec@ DeNine  the R-yectoc Spaces
V=Re X, VY= Rae, XV,
The Ioerfe‘} poictng > s Xx XV ——=Z extends to
O\Peﬁge:/{‘ pescing <, Y Vv — R.
e regarel R resp RY as subschs of V resp. V'Y
and  he Wey@ «7r’eu~f as suk;ro»\f W = MR(V) Vi the
emLe)JA,mgL
Anty (XN — Audg(V), @r— g o .
Denote by U= spang(R) =V (r\esr n’ = spong (RY) < V)
the subspxce of V. (rop VY] spanaed by R Gresp. RYY.
Consides the ”2«’"@\069.!‘ maf
F:V— VY, RW= T_ o <XV XY,
Ustng that S permutes RY) we obtain
£6d = & <o, foa> xV (e R .

Ff'em

e

t £a0lovss 0 << f&d> | Censeq.wm‘uy, m(f)=U"= ﬁ(M)
and ‘1e/n<.e. V= U + kex(-ﬁ. /f’lwe_ovbr) (%) i‘rn(;bcs
ker(F) = {xeV | ¢xix¥) =G for ol weR .

(x fex)y = OEQ X1 YD X, ) = ZQ <>(,s<">1 ()



We conclnde thak S. ods on  kee(f) as  the vahl-y

ond eon U by pexmw(émg R. The assetion érw@fs
Lo (W= <sel<eR>. Thus, Pel & @m'o/-&d? Aetesrmined
by < fermwl—e&:@n of R. A Hore oce ondy F{n’.l-o@y
Moy permutations, () s Cintle. a

Def 2.2 Given on  Eulidean vector Space (E, ¢.))
a o=t sys#m P & a Puile set of non-zere veckoss
sm(-&s%mj
© P ospns E
Foc evoriufcﬁ)ﬂmsv@@rso@esd wndrer

reecdions X —= x- é<,x)°< l%mui& the t’l?f"oor‘fy@g,v\,k
P@WT%‘QQ\( ‘Lé° <,

o oe,p'S@J the number %é%(@ S o i’n(-gf/ef.
Obs 2.4 Gwen a rast detm @ = (XKRLXHRYY) Lot
Us Roy X the subspace generaled [37 R (zs
bhe procf of Lemma 4.5). Rk a scakor prodachk ()
on U thet 15 tveciamA undesr the (,\7«7( 9o
( Sudh an twvectank scoles prodmchk can be Found,
since  the (/Jej/ﬁ group s Gnite )

Then R s « r'ee*‘rsyzsi—@mm U.
The M{'OMofFl’LLSMS an U fnckuced é}ﬁ S (e R)
ore the ceflections n (U () ).




§3 System of pasitive roots £ reduced rmod dofum
DR 31 [k ol a root dotum P = (X R, XVRYY  reduced if
Lxd R for o~ oot e R.

D{,E 3.2 M Uz(/\)(% Le_%e Wey)@ 7{0»71 onnd ()) A (/&)“Tn\/.
scakoc PWM on \/=IRQZX, We calhd RT=R a %J{mc’@

Fkg‘HV& rocts (F é’h@f‘i Q<. xé\/ st (°<,>(\ + 0 ‘FN‘«QI %éK
ond

R* = [xeR | (<,x) > O

(or WW“ / f@ ﬁpm Q. Aéxv S~+. <o<);\)#:0 'Cpra@LRG,R
ound

R = [=eR | <sqp > 05.)
N\

L] e ' \ \ F
v \\

"

\4

Ols33 () The armvex hll of R™ i V does not contein 0.
@ R the dijomnt wnton -f R™ and —-R™
R I sfe R sb owfleR fhen x+f e RV
W (RN 5 o« system of pxitive reots m RY,
he., there 3s gan X6 X st <x6xV2+ O
for all xR oand

(R¥)Y = [oVe RY | <xyoy> O §.



4 Tove reots
Lemmen 4.1 LA x,,@éﬁ be Lan. ?nAJ.r. roots
(i) <0<W8V)=O = <ﬁ xV>= G
(i) e FYO<B x> = 0, £,2,3 .
Folcoup > | > A thea [<piav>] = 1.
i) I the fons cases of () the omder of SRR res(«éfvdj,
LR, %¢4.

proof. Denste V= R X Sxamd 55 map Spang(™ap) £V
be Hsek@. On the bass (o4f) of that spece SeSp s Tepr. L'}
Moy = ( <°1>!5<7<{&,j\/>—4 <o \
=, V> ~1 )
A W 5 Einide, M?‘ Lo (or seome N3 1.
IE <,8V> = 0, the moAeix Is ‘é““\wmg/mged‘ ond  frence
SatisGes /{ft(,;;;ZI,l 0‘1(7 . <pe1=0  to=.
Lihewise, one proves the converse direchson of ().
Th&dg,m\fab«es Ao he oF Mu/z et @nfv?e}ﬁ
oot of W‘LEL As  &(Mepd = M+ha,  we hewre
[ LM | = [hsh] € N+ (dal = 2.
As (@1) docs ot hove Lintde index  annd Mx/g s
not the ?MJ? Modkcix; not  both e«g/m\m,@u@s can ke /.
Heice  be(Mop < L omd  te(Mup) € {-2,-1 0, 1],
This i’mF&es (i1) .
for (i) note that ony A€AUX) gencroded by So Sp
C@n\f% determined Ly i behayior on S(Oan,g(‘x)/@):
Choase o W-iv.  scollos ProM on V awd aLe:omf)agc
V= speoctep) > spng it



As seand S oct on  spang (‘x)/?)i’ as rol@/ul-d—ou, , Do
CQMM determined by ts  behowrior on SF&/IRC"()/g)n
In pw-(*imfof) £ prove that S5 hos order n it
suffices to shew thad Mg has oder N

The four coses con he coleulated ‘by hond™.



